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Prologue 
One of the great joys of life is observing óthings of natureô with as few assumptions as possible. 

When we suspend assumption, new perspectives become possible. When we focus our 

observation on fundamental Geometric form it is indeed fertile ground for study, for here we are 

at a place where the physical and the universal are close. We recognize this strategy in the work 

of the classical Greek philosophers who forged insight through the study of regular polyhedral 

solids. We can intuit, as they did, that fundamental Geometric form reveals intrinsic universal 

principles.   

In contrast to the classical approach to Geometry study, which is characteristically static and 

quantitative, we undertake an informal qualitative study of Geometric form as it grows. From 

observations made in progressive buildout of node-based Geometric models we learn a 

vocabulary of Natureôs ópatterning notionsô, a vocabulary that creates a conceptual fabric 

tangible enough for our reasoning to work with. When we think in terms of notions, we can sense 

óhowô Nature expresses itself physically.   

Two Journeys 
Geometric pattern is a language of its own.  Like music it conveys meaning beyond what can be 

described by words, symbols or number. This language guides our awareness into the realm of 

subtle notions behind Natureôs form making.  

Models are useful and indeed necessary to learn the language of Geometry. Furthermore, it is 

crucial to work with three-dimensional (3D) models, as opposed to two-dimensional diagrams, 

for after all, Natureôs forms are three-dimensional. In the act of 3D modeling we witness 
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Natureôs design principles first-hand. We can study structures from different viewpoints, 

something not easily done with drawings or in the quantitative analyses found in your typical 

geometry textbook. 3D models held in hand generously reveal fundamental notions behind 

Natureôs physicalizing.   

Letôs begin a journey into Geometric form study by metaphorically entering Platoôs Academy.  

We start here as homage to human history, for this is a seminal chapter in the story of humanity 

seeking the bedrock principles behind life and physical manifestation. We start here also to delve 

into a perspective that was cemented by the classical Greek philosophers and instilled into the 

world view that we share today.   

Quantitative Study 

As we enter the Academy we notice the beautiful furniture - the iconic Platonic Solids. 

 

The tetrahedron is the Platonic solid 

with three triangular faces arranged 

around every vertex. Plato 

identified this polyhedron with the 

shape of fire atoms. 

 

The cube is the Platonic solid with 

three square faces arranged around 

every vertex. Plato identified this 

polyhedron with the shape of earth 

atoms. 

 

The octahedron is the Platonic solid 

with four triangular faces arranged 

around every vertex. Plato 

identified this polyhedron with the 

shape of air atoms. 

 

The icosahedron is the Platonic 

solid with five triangular faces 

arranged around every vertex. Plato 

identified this polyhedron with the 

shape of water atoms. 

 

The dodecahedron is the Platonic 

solid with three pentagonal faces 

arranged around every vertex. Plato 

identified this polyhedron with the 

shape of cosmos atoms. 

 



Patterns and Notions - The Joy of Qualitative Geometry Study Page 3 
 

Table 1: Platonic Solids 
(Images and text courtesy of Geometry Center at the University of Minnesota) 

 

What characterizes the Platonic Solids as a geometrical set is that the face of each solid is a 

regular polygon of the same size and shape.  We instinctively see them as standalone óobjectsô - 

beautiful rocks, if you will .  

What characterizes the classical Greek approach to form study is that it is órooted in numberô, 

i.e., these solids conform to the philosophersô intent to represent primary numbers (e.g., 3,4,5) as 

physical form.  This approach inherently begets counting, measuring and classification, 

demonstrated in Table 2 by the various descriptors of the Platonic Solids: 

 

Table 2: Characterization of the Platonic Solids 

 

It also led to a system of transformations (e.g., expansion, stellation, truncation, etc.) to derive 

other forms and a naming system to identify them, as demonstrated in Table 3. 
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Table 3: Transformations of the Platonic Solids (Archimedean Solids) 

 

The classical philosophers sought metaphysical meaning by associating the Platonic Solids to 

physical elements, e.g., fire, earth, air, water and the ether. While we no longer make such 

associations, we still employ the same perspective in our understanding of the world. Consider 

that the nomenclature of modern sciences, e.g., chemistry, metallurgy, crystallography, etc., are 

based upon the nomenclature of the Platonic Solids.  It is thus important to recognize that the 

classical Greeks conferred dominance to a certain modality of comprehending physical form - a 

static óparticleô perspective.  This is a valid and extremely useful modality of comprehension.  

Through it our physical world has been well studied and quantified to great benefit of mankind, 

but this inherited classical perspective has also constrained our understanding of the physical. I 

argue that it has obscured a larger significance.  

Qualitative  Study 

Letôs exit the Academy and re-explore fundamental geometric form in a different way; by simply 

observing, with as few assumptions as possible, geometric pattern as it emerges in growth.  We 

embark on a qualitative analysis where we study geometric patterns using a skeletal 3D 

modeling tool. There is very little counting, measuring or mathematics; we work with relative 

proportion as opposed to absolute measurement. We root our exploration not in number but in a 

thought experiment.  It goes like this: 
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Imagine that nothing exists except pure space within which a single object is created - the ófirstô 

point. The first point is of arbitrary size (dimensionless) and we likely imagine a spherical object.  

The key characteristic here is that it is distinct from and bounded within the containing space 

which is unbounded and not containable.   

We extrapolate that where there is room for the first object in unbounded space there is room for 

another to exist. The only possible next action in this context is that a second object is created in 

the exact likeness of the first object because that is all that is known. (This is a core postulate 

that implies uniform spatial equilibrium in the growth of points.) The two objects, however, must 

be distinct else they would occupy the same space and not be distinguishable.  As such, the two 

objects find themselves simultaneously connected and separated in an equilibrium of attraction 

and repulsion. We might say that the forces of gravity (centripetal) and radiance (centrifugal) are 

at play here. The two objects and the equilibrium of forces between them define a line in space - 

the first dimension.  This line is the base dimension from which all other lines will be 

understood. 

 

Figure A1: Line Segment of óunit-lengthô formed by two points in space. 

In the historical context, a line of unit-length is the basis of the óVesica Piscesô diagram shown in 

Figure A2. 
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Figure A2: Vesica Pisces and an Example of Derived Rectangles 

In the Vesica Pisces a circle of unit-length radius surrounds both the first and second points.  The 

circle represents the identity of the object in terms of its force óradiatingô out omnidirectionally 

in two dimensions (i.e., its radius), as well as, its force of attraction.  Ancient geometers derived 

several important proportions from this pattern: ã2, ã3 and ã5 relative to unit-length (1).  These 

proportions were used to create sacred rectangles which served as aesthetic design frameworks in 

Egyptian, Greek and other ancient art and architecture.  An arbitrary rectangle composition based 

on ã3 is shown on the right.  It represents a harmonized set of proportions to guide aesthetic 

design. 

If we continue the creation sequence and add more and more points, each one held in place at 

unit-length from adjacent points in a plane, we would arrive at the óFlower of Lifeô pattern 

shown in Figure A3.  This beautifully interconnected pattern shows how an infinite cascade of 

point replications can fill our two-dimensional space. 
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Figure A3: Flower of Life 

But simply extrapolating the creation sequence in two dimensions, as the Flower of Life does, is 

a digression from the journey.  In reality, objects (points) will replicate and come into spatial 

equilibrium in three dimensions, not just two.  While our third replicated point would arrange 

itself to define a plane that includes the first two points, our fourth point would come into unit-

length equilibrium at a right angle off of that established plane forming the Tetrahedron as 

shown in Figure A4.   The Tetrahedron is the most basic 3D form. Its four points are in perfect 

spatial equilibrium at unit-length distance from each other.   

 

Figure A4: Tetrahedron ï Four Points in Spatial Equilibrium  

Thus far we can easily visualize this pattern of points in our imagination but to study how this 

equilibrium of four identical points, the Tetrahedron, can grow in space we must augment our 

thought experiment with 3D skeletal geometric modeling tools. As we proceed we will refer to 

these forms by classical Platonic names but we will not necessarily view them from a classical 

perspective.  In fact, we must be very careful to not taint our exploratory perspective with the 

classical perspective. 

We can add a new point off of each of the faces of the Tetrahedron and still maintain the unit-

length equilibrium of forces. This results in the Stellated Tetrahedron form of Figure A5.   
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Figure A5: Stellated Tetrahedron 

But after this we can no longer add points off of the faces and maintain coherent unit-length 

equilibrium of points. This is demonstrated in Figure A6. While a new point, as represented by 

the Tetrahedron in gray, can equalize off of the face of the yellow Tetrahedron, it cannot equalize 

with the point of the Tetrahedron in green.  The node distance, as shown by the red line, is 

greater than unit-length.  We appear to have hit a dead-end. 

 

Figure A6: Tetrahedral Buildout  Dead-end 

But there is more to notice about the equilibrium of four points of our initial Tetrahedron. We 

observe that each node is perpendicular to the mid-point of the opposing Triangle plane.  We 

also notice that each edge, represented by the white struts in Figure A7, is perpendicular (or 

orthogonal) to the edge opposite it.   
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Figure A7: Opposing Edges of Tetrahedron are at 90º Rotation 

If we were to connect the mid-points of these two lines as shown by the red line in Figure A7 and 

look straight down the red line the pattern of points would appear as a perpendicular cross as 

shown in Figure A8. 

 

Figure A8:  View of Tetrahedron nodes looking from mid-point of one line to its opposite 

This pattern is the first signature of our initial assumption, that all points have the same power of 

attraction and radiance and thus coalesce into an equal distance of separation. (If we were to 

assume that any arbitrary point can have any arbitrary size/power, then coherency of spatial 

patterning would go óout the windowô.) 

There are three pairs of opposing struts in the Tetrahedron therefore three orthogonal axes (and 

planes) are present as shown in red in Figure A10. 
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Figure A10: Orthogonal Axes of the Tetrahedron 

In this we can we appreciate how our 3D Cartesian axes system is intrinsic to the uniform 

Tetrahedron equilibrium, but even more importantly, this spatial relationship foreshadows the 

emergence of the óSquareô and the ability of Nature to fill space. Letôs continue to add more 

points but now in a different manner. Instead of adding points that equalize relative to form 

ófacesô we add points to form lines. 

In Figure B1 two Tetrahedrons are oriented such that an edge (strut) of each form is linearly 

aligned.  This is highlighted by the white line at the top where three points form a straight line of 

two unit-lengths.  Linear orientation of points*  is a major leap from our initial building heuristic 

of simply equalizing a new point off of an existing face, which we have observed is a ódead-endô 

for form growth.  When incorporating linear orienting in our building approach, we find that two 

Tetrahedrons create a Pyramid form, and here (to thunderous applause) we have the grand 

premier emergence of the óSquareô (highlighted in red in Figure B1).  

 

Figure B1:  Linearly Arranged Tetrahedrons Creating Pyramid (Octahedron) 

This exciting observation bears restating:  At first blush we all probably think of the Tetrahedron 

as a pointy triangular object. Even in the classical perspective the Tetrahedron has no ódualô.  But 

intrinsic to the unit-length equilibrium of four points that creates the Tetrahedron are three pairs 

of equal and orthogonal opposing edges (like the pair highlighted in white in Figure B2). This 

crisscross of point pairs is the predecessor of the Square pattern that emerges in subsequent 

buildout.  In retrospect we can now recognize that the Square pattern is latent (hidden) in the 

Cross, and the Cross pattern is latent (hidden) in the premise of uniform separation of the four 

points of the Tetrahedron. 

(* In mathematics two points determines a conceptual line.  We find in 3D Geometry that a 

functional line is determined by three points. There is one, and only one, alignment of three 

points in 3D space that creates a straight line.)  
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Figure B2: The Orthogonality of the Tetrahedron 

Continuing on, adding two more Tetrahedrons, for a total of four, results in a fully formed 

Octahedron shown in Figure B3.  On the left the upper Tetrahedrons are aligned in parallel to the 

lower set.  On the right the upper Tetrahedrons are aligned orthogonal to the lower set. 

 

Figure B3: Four Tetrahedrons forming an Octahedron 

Figure B4 shows eight Tetrahedron fully enclosed to form the Octahedron at center. 
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Figure B4:  Eight Tetrahedrons forming the Octahedron (Stella Octangula) 

In the classical perspective, this form is recognized as a standalone object called the Stellated 

Octahedron (óStella Octangulaô).  However, from the perspective of our ópatterns-in-growthô 

study, it is a form that teaches us how a cluster of eight Tetrahedrons in 3D space creates the 

pattern of the Octahedron.  In this perspective, there is no form to be stellated ï a subtle 

distinction.  

(Note that the eight outer nodes of the Tetrahedrons form a root-2 Cube.) 

The most fundamental observation here is that, in 3D form growth, unit-length Squares are 

derivable from unit-length Triangles. Triangle and Square are intrinsic duals; two aspects of 

single organizing principle. They are Natureôs simple and elegant principle behind a vast 

diversity of complex physical form.  In this we recognize a fundamental and powerful patterning 

notion ï the notion of óDualityô. We will continue see this notion at play in our buildout of 

points.   

Tria ngle and Square Buildo uts 

Letôs continue exploring using, as a base, the set of the simplest compositions of 3D form 

comprised solely of unit-length Triangles and/or Squares.  Referred to as the óBase Formsô they 

are shown in Figure C1.  We refer to them by classical Platonic names but, again, we are being 

careful to not view them from a classical ósolidsô perspective. 
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Figure C1: Base Forms of Triangle and/or Square 

Of the Base Forms there are óheterogeneousô forms, the Octahedron (and Pyramid) and Prism, 

composed of both Triangle AND Square patterns, and óhomogeneousô forms, the Tetrahedron, 

Cube and Icosahedron, composed of only Triangle OR Square patterns.  

Each tells a story in growth: 
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Tetrahedron Buildout  

As we saw above an omnidirectional buildout of Tetrahedrons off its faces quickly reaches a 

dead-end.  But, as we will see later, Tetrahedrons can be linearly aligned off its faces to create an 

infinitely long linear tube comprised solely of Triangle faces.  When the Tetrahedron is aligned 

linearly along its edges it derives Octahedron patterns.  These patterns complement each other to 

allow for infinite growth as planar Lattices.   

Cube Buildout  

It is very easy to imagine an omnidirectional buildout comprised of solely Cube forms.  It results 

in either a bigger cube or variations of rectangular forms.  We witness cubic buildout every day 

in the myriad shapes of our buildings, living spaces, cabinets, boxes, etc. Variation is possible in 

the sense of branches that travel out and along any of three orthogonal axes of the Cube faces, or 

by interfacing with the square faces of a Prism to fork it.  Such branches can intersect with other 

branches to create infinite variations.  Compared to the heterogeneous Triangle-Square Lattice 

the homogeneous Cubic Lattice is not a natively stable structure.  Because we can easily 

visualize cubic growth and anticipate all possible variations we will not explore it further in this 

essay. 

Prism Buildout  

The Prism is a heterogeneous form that can multiply coherently around one axis of the square 

facet to form a hexagonal prism and then can grow infinitely long along that same axis. Multiple 

hexagonal prisms can be stacked in an infinite honey-comb pattern, but the Prism form by itself 

has diminished power for variation in growth. We will not explore Prism buildout in this essay. 

Octahedron Buildout  

As seen above the Octahedron is a child of Tetrahedrons. Perspective is, once again, important as 

the Octahedron form can be recognized in multiple ways. In the classical ósolidsô view it is seen 

as the formation of eight equilateral unit-length triangle faces.  In the óskeletalô view we can see 

it as one square and eight triangles (or two mated Pyramids with a square bottom and four 

triangular sides). Another perspective is to see it as three Squares that intersect as orthogonal 

3D planes as shown in Figure C2 where one square is White, one Red and one is Red-White 

Dashes. 
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Figure C2: Octahedron as Three Orthogonal Squares 

Letôs explore an Octahedron buildout relative to its Square plane and its Triangle plane. In 

Figure C3 is a buildout on the plane of its Triangle faces.  As can be seen the growth results in a 

bigger Tetrahedron. Each face of the larger Tetrahedron is a plane of Triangles (the óFlower of 

Lifeô pattern).   
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Figure C3: Tetrahedron Comprised of Octahedrons and Tetrahedrons 

If we build out along the plane of its Square face it grows into a bigger Octahedron as shown in 

Figure C4.   



Patterns and Notions - The Joy of Qualitative Geometry Study Page 17 
 

 

Figure C4:  Octahedron comprised of Octahedrons and Tetrahedrons 

These two buildouts reveal the power of the Triangle and Square to grow and fill space along 

planes, a ómineral-likeô growth.  It grows as an Octahedron when building with the plane of the 

Square, and grows as a Tetrahedron when building with the plane of its Triangles.  In either case, 

it is the same form - a Lattice.  As we will see later, in Figure C9, it is just a matter of which sub-

form you select to view. 

Vector Equilibrium  

A study of Octahedrons would not be complete without an exploration of the Cuboctahedron, 

also called the óVector Equilibriumô (VE) by Buckminster Fuller.  It is shown in Figure C5. 
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Figure C5:  Vector Equilibrium ï Cuboctahedron 

As a standalone form the VE is symmetrical across reflections of four Hexagon planes, formed 

by six unit-length Triangles as shown in Figure C6.  You can see the four Hexagon planes of the 

VE in Figure C5. They are highlighted in red, yellow, blue and green at their perimeters. The 

Hexagon planes intersect at their center.  

In classical characterization the VE is described as having eight Triangles and six Squares for a 

total of fourteen outer faces.  Each edge of the six Squares of the VE is one strut of the perimeter 

edge of the Hexagon planes. It can be decomposed into eight Tetrahedrons and six Pyramids. 

 

Figure C6: One of four Hexagon Planes of the VE 
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But on further examination we see that the VE is just a sub-form within the 

Tetrahedron/Octahedron Lattice pattern shown in Figures C3 and C4.  The VE is latent in the 

Lattice pattern and emerges when the Lattice has an edge of at least three unit-lengths as shown 

in Figure C7.  The form on the right shows the VE sub-form highlighted with yellow lines. A 

portion of the VE is on the other side of the red Hexagon plane. The vector lengths are one unit-

length.  However, if one were to continue building out the Pyramid, at a certain size (i.e., node 

count) a larger VE form would emerge with vector lengths greater than one unit-length. 

 

Figure C7: VE Inside the Pyramid 

Whereas the Pyramid form does not have a center of balance, the VE as a stand-alone form does.  

Its center node is unit-length distance to all nodes in the outer layer and all nodes in the outer 

layer are unit-length Triangles and Squares. Indeed, it is because all the struts are unit-length that 

it is called the óVector Equilibriumô, and in this characteristic, we may recognize the VE as the 

second manifestation of point equilibrium after the Tetrahedron.   

 

Figure C8: Unit -length Triangles and Squares and Interior Struts of the VE 
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Recall that in the Tetrahedron we spied the precursor of the Square in the orthogonally opposing 

edges.  A linear orientation of Tetrahedrons revealed the Octahedron and the physical emergence 

of the Square.  Further growth in planar orientation revealed the potential for infinitely large 

Lattices comprised of Tetrahedrons and Octahedrons.  Fundamental to Lattice growth is the 

repetition of Triangle and Square patterns. The VE is the simplest distillation of the harmony of 

Triangle and Square in three dimensions. It is the very essence of the Lattice pattern. 

In form growth starting from our first four imagined points in space, Figure C9 shows how all 

these patterns are interwoven.   

 

Figure C9:  All -in-One 

Tetrahedron growth is in White.  The two lines in green are the orthogonal edges of the 

Tetrahedron.  Highlighted within the lattice is a Pyramid form in red and a VE instance in blue.  
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All of these forms can be seen as standalone forms, but it is more accurate I think, to see them as  

just aspects of Lattice structure. 

At this stage of buildout, we again witness alignment to three orthogonal (Cartesian) axes.  In the 

Tetrahedron of Figure A10 they are formed by lines going through the mid-points of opposing 

edges. In an Octahedron, they are formed by lines pass through opposing nodes. In VE sub-form 

there are three pairs of opposing Square faces, highlighted in yellow in Figure C10.  Lines 

passing through the mid-points of the opposing Square faces, shown in red in Figure C10, 

intersect at the center node of the VE and create three orthogonal axes.   

In 3D growth, orthogonality progresses from line to node to face.  

 

 
 

Figure C10: Orthogonal Square Faces of VE 

 

The Icosahedron  

There is much more to the Icosahedron than the twelve nodes and twenty triangular faces that its 

classical name implies.  

As standalone forms both the VE and the Icosahedron have an outer layer of twelve nodes 

arrayed around a center point.  However, they are fundamentally different forms. From a center 

node, the VE grows as a lattice to form an outer layer of twelve nodes, all at unit-length from the 

center node. In the Icosahedron, we have a constellation of twelve nodes that are unit-length 

distance from each other and balanced around a center but are not built out from a center node.  

We must consider the Icosahedron a distinct spatial intelligence ï as a óCageô.  

At first blush it appears that the center of the Icosahedron is unit-length distance to the twelve 

outer nodes and thus the Icosahedron can be derived from twenty Tetrahedrons but this is not the 
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case, the distance from the center is slightly less than unit-length.  This is explained in detail in 

Appendix A: óWhole Number Dilemmaô.   

 

But all is not lost for whole number relationships. In progressive buildout from the Icosahedron 

the notion of unit-length Triangle and Square is still at play. Form growth that is balanced around 

a center is indeed whole number coherent - letôs explore. 

Buildouts thus far have been linear (and by extension planar) as exhibited in Tetrahedral and 

Octahedral growth (Cubic and Prism as well).  New nodes are simply added at unit-length along 

a linear path. There is no omnidirectional balance to Lattice growth. We see evidence of such 

Lattice growth in crystals and minerals. 

With the Icosahedron, a new and distinct spatial intelligence is demonstrated, one that is 

perfectly balanced around a center, sphere-like.  In the forming of an Icosahedron we discover 

the next great notion - that of óEnfoldingô.  The intelligence that folds a set of points perfectly 

balanced around a center is fundamentally different from the intelligence that creates Lattices. 

(Intuitively, it seems to be a more sophisticated dynamic.)  Intelligence that folds around a center 

in a perfectly balanced manner also suggests a capacity for óspinô. 

Figure D1 shows the formation of an Icosahedron via an enfolding process starting from five 

triangles in the upper left figure and continuing clock-wise: 
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Figure D1: Points Enfolding into an Icosahedron 

 

The completely formed Icosahedron, shown in Figure D2, is the starting point of continued 

exploration.   

 

Figure D2: Icosahedron  

 


